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Abstract. Shor algorithm dynamics of quantum computation states are
analysed from the classical and the quantum information theory points of
view. The Shannon entropy is interpreted as the degree of information
accessibility through measurement, while the von Neumann entropy is em-
ployed to measure the quantum information of entanglement. The intelligence
of a state with respect to a subset of qubits is defined. The intelligence of a state
is maximal if the gap between the Shannon and the von Neumann entropy for
the chosen result qubits is minimal. We prove that the quantum Fourier
transform creates maximally intelligent states with respect to the first # qubits
for Shor’s problem, since it annihilates the gap between the classical and
quantum entropies for the first # qubits of every output state.

1. Introduction

Most applications of quantum information theory have been developed in the
domain of quantum communication systems, in particular in quantum source
coding, quantum data compression [1, 2] and quantum error-correcting codes
[3, 4]. Meanwhile quantum algorithms have been widely studied as computational
processes [5—10]. In particular, much energy has been spent on the analysis of the
Shor algorithm [5], which concerns the factorization of large integer numbers,
attention being concentrated on its dynamics. In contrast, the information aspects
involved in quantum computation have been developed analysing only the Toffoli
gate [11].

In this paper, we investigate the possibility of using techniques from quantum
information theory [11-13] in the domain of quantum algorithm synthesis and
simulation. For this purpose, we analysed the classical and quantum information
flow in the Shor algorithm. We show that the quantum gate G, which is based on
superposition of states, quantum entanglement and interference, when acting on
the input vector, stores information into the system state, minimizing the gap
between the classical Shannon entropy and the quantum von Neumann entropy.
This principle is fairly general, suggesting both a methodology to design a
quantum gate and a technique to efficiently simulate its behaviour on a classical
computer.
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2. Computation dynamics of Shor quantum gate

In the Shor algorithm an integer number # >0 and a function
f:{0,1}" — {0,1}" are given such that f has period », namely f is such that
Vx € {0,1}" : f(x) = f(x+ r) modn, and f is injective whith respect to its period.
The problem is to find 7. Function f is first encoded into the injective function

F: {01} x{0,1}" = {0,1}" x {0,1}" such that:
Fx,y) = (x,y @ f(x)) (1)

where @ is the bitwise XOR operator. F is then encoded into a unitary operator
Up. This purpose is fulfilled by mapping every binary input string of length 2n
into a vector in a Hilbert space of dimension 22 according to the following
recursive encoding scheme 7:

7(0)=10) (1) =11) 7(z1---22) = =1 - 22.) (2)

where |0) and [1) denote vectors (1) and (1) , respectively, and |21 ---20,)

stands for the tensor product |z1) ® - - ® |21,), being 21,. .. 2, € {0,1}. We note
that every bit value in a string is mapped into a vector of a Hilbert subspace of
dimension 2. This subspace is called a qubit. Similarly, a sequence of successive
bit values of length / is mapped into a vector of dimension 2/. We call this subspace
a quantum register of length /.

Using this scheme, the operator Uy is defined as a squared matrix of order 22"
such that:

vz € {0,1}*: Uglz) = |F(2)) (3)
Practically, the operator UF is as follows:
[UF]i,j - éis1+[F([7*1](2))](10) (4)

where [q] ®) is the basis b representation of number g and ¢; j is the Kronecker delta.
The idea of encoding a function f into a unitary operator is not a peculiarity of
the Shor algorithm, but it is typical of all known quantum algorithms [5, 9, 10]. In
general, U contains the whole information about function f needed to solve the
problem. In the Shor case, we could calculate the period r of f by testing the
operator U on the input vectors [0---0) ® |0---0) obtaining [0---0) ® [f(0---0)),
—_—  —— — ——

n n

|0---1) ®1]0---0) obtaining [0---1) @;l[f(O ---1)) and so on, until a vector ETRERE
—_—— N — —_—— N——— ——

n n n n n
for the first register of length # is found such that the corresponding vector

[f(x1 -+-x,)) in the second register of length n coincides with [f(0---0)). The
—— ———

periog 7 of f coincides with the binary number x; - - - x,,. The number %f Ur tests
required by this algorithm is ». Since the period » of the function varies from 1 to
2" the time complexity of this algorithm is exponential for the worst case. In order
to extract the information stored in Ur more efficiently, we must change our
perspective. The operator Upr must in fact be used in order to transfer as much
information as possible from the operator to the input vector each time Uf works.
To this purpose, it is embedded into another unitary operator G, called the
quantum gate, having the following general form:
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G=(F®l,) Up - (IF®1,) (5)

where IF stands for a unitary squared matrix of order 2" and I,, for the identity
matrix of order 2. In the case of the Shor algorithm, Ur is embedded into the
unitary quantum gate

- (QFTn & In) - Ur - (Q-F’Tn & In) (6)
The symbol QFT,, denotes the unitary quantum Fourier transform of order #:
1
[QFT,]; = 5o exp (2n7[(1 = 1)( = 1)/2"]) (7)

where J 1s the imaginary unit. The gate G does not act on many different basis
input vectors any more. On the contrary it always gets as input the starting vector

0---0)®10---0).
— =

n n
The corresponding computation evolves according to the following steps:
StepO : |input) = |0---0) ®]0---0) (8)
—_—— N —

n n

Step1: |'L/)1> (QFTn & In)|lnput /2 Z lig - ) ® |‘O > (9)

i n

Step2 : |'L/)2> UF|"/)1 271/2 Z |Zl Zn & |f( 'i71)> (10)
Step 3 : output) = (QFT,, ® 1))

271/2 Z 111 iﬂl]l ]71 ® |f( 'i71)> (11)

]1:
ll <t

where

1 . . . . n
a7l = oomexp Qadliva gLt dnl a0y /2")

If k = 2"/ is an integer number, the output state can be written as

[uN
[uN

r—1 r—

loutput) = exp (2mJs[i - - - 1) (10)lp/r)|[52"/7](2)> ® I[p](2)) (12)

S |-

Il
=}
Il
=}

§

b

where [, is an integer positive number and binary representations are obtained
using #n bits. Therefore, the first quantum register of length # of the output state
generates a periodical probability distribution with period k for every possible
vector of the second quantum register. By repeating the algorithm a number of
times polynomial in n and by performing a measurement each time, we can
reconstruct the value of 7 [5].

In Step 1 the operator QFT),, ® I,, acts on a basis vector. It transforms the
vector source |0---0) ® |0---0) into a linear combination of equally weighted basis
vectors of the form |7y ---4,) ® [0---0). Since every basis vector is interpreted as a
possible observable state of the system, we say that QFT), plays the role of the
superposition operator for the first n qubits.
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In Step 3 the operator QFT,, ® I,, acts on every basis vector belonging to the
linear combination |i,). This means that every vector of such a combination
generates a superposition of basis vectors, whose complex weights (i.e. probability
amplitudes) are equal in modulus, but different in phase. Every basis vector is now
weighted by the summation of the probability amplitudes coming from the
different source basis vectors. This summation can increase or decrease the
resulting probability amplitudes. Since this phenomenon is very similar to classical
wave interference, we say that in Step 3, the operator QFT),, plays the role of the
interference operator. From the mathematical point of view, we observe that when
the matrix QFT), acts as a superposition operator (Step 1), the first matrix column
only is involved in the calculation of the resulting vector. On the contrary, when it
acts for the second time (Step 3), all matrix columns are involved and the inter-
ference among the weights coming from the different source vectors takes place.

The operator U acts between the first and the second application of QFT),. Its
effect is to map every basis vector of |11) into another basis vector injectively. In
this way it may create non-local correlation among qubits. Therefore, we say Up
plays the role of the entanglement operator.

The quantum gates of the best-known quantum algorithms can all be described
as the composition of a superposition, an entanglement and an interference
operator, where the superposition and the interference operators always coincide,
but play different roles, as it is the case for QFT),, in the above Step 1 and Step 3.
From a qualitative point of view, the action of the superposition operator is to
exploit the potential parallelism of the system by preparing the system itself in a
superposition of all its possible states. When the entanglement operator acts on this
superposed state the whole information about f contained in Up is transferred to
the resulting vector. Finally, the interference operator makes this information
accessible by measurement in order to solve the problem.

Here we concentrate our attention on the action of these standard operators in
the case of the Shor algorithm from the Information Theory viewpoint.

In order to illustrate the Shor algorithm, we propose two different computa-
tions in Example 1.

Example 1.
Let n = 3 and f1, /> be defined as in table 1. Then

I, 0
UF112®(O2 C2)®C (13)

Table 1. Example of periodical functions.

x filx) folx)
000 001 000
001 111 010
010 001 100
011 111 110
100 001 000
101 111 010
110 001 100

111 111 110
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Table 2. Shor quantum gate information flow with f = fi.

Step State
Input |000) ® |000)
0)+1[1) _[0)+ (1) _10)+[1)
Step 1 T 8 s ® o @ [000)
[0Y4]1) _|0)+ 1) ]000)+ [111)
Step 2 212 2172 2172 1)
1 /10)+1) 10) —|1)
Step 3 W( S ® |0000) + i ® [0011) | @ [1)

Table 3. Shor quantum gate state dynamics with f = f.

Step State
Input |000) ® |000)
0+ 11 0)+11 0O+
Step 1 011 041, 018 g
Step 2 |O>21+—/2|1>®%(|oooo> +10101) + [1010) + |1111)) ® [0)
0)+ 1) _10)+[1) 10) = 11) _10) =J[1)
s o 1000 @ = 0 Do+ 010) 8 -t 9 )
tep = (2
0)+11) _10) =[1) 0) = 1) _10) =J]1)
+100) & =t & St 110) 9 e o
and
I, 0 0 0
0 IeC 0 0
Up, =1 I 14
RIS 0 cer oo |© (14)
0 0 0 C,
with
0 1
C= 15
(7 o) (15)

The computation involved with these two operators is shown in table 2 and table 3.

3. Shannon and von Neumann entropy

A vector in a Hilbert space of dimension 2% acts as a classical information
source if the measurement with respect to a given orthonormal basis is performed.
The possible outputs are the 2% basis vectors, each one with probability given by
the squared modulus of its probability amplitude. More in general, given a vector
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W= S cali) @) e i) (16)

il siﬂe {0 ,1}

in a Hilbert space of dimension 2", let T'= {j;,... jx} C {1,...,n} and
{1,...n}y-T=A{l,...,[,_+}. We define

Lot ) .
(WM lp =Y b 4 - 8] (17)
tjl ""’t.f'k
ljl ""’ljk
where

oty .
bijl"'ifk - Z Cll"'lrvctl»»»t” (18)

Lt :tll Uy :tln—k

Choosing T means selecting a subspace of the Hilbert space of |¢). If T' = {j }, this
subspace has dimension 2 and we call it the subspace of the qubit j. Similarly, if
T = {j1,... jr}, we say that we are dealing with the subspace of qubits ji,... jz.
|1) (] describes the projection of the density matrix corresponding to |+) on this
subspace.

We define the Shannon entropy of T in [|p) with respect to the basis
B= {|Zl>®®|1n>} as

2k

EF (1)) = = (1) Wlpl; logo[ ) (lp);; (19)
=1
The Shannon entropy of T expresses the average information we gain when we
measure the projection of |i)) with respect to the projections of the vectors in B on
the subspace of the qubits in T'. The Shannon entropy can be interpreted as the
degree of disorder involved with vector |¢)) when the qubits in T are measured.
Vector |1)) does not act only as a classical information source. On the contrary,
it also stores some other kind of information in non-local quantum correlation, that
is through entanglement. In order to measure the quantity of entanglement of a set
T = {j1,... jr } of qubits in |[¢) we employ the von Newmann entropy of |)) with
respect to T', which is defined as follows

E(103) = —tx(10) (0l Togs [0l (20)

where tr denotes the trace operator. The von Neumann entropy of the qubits in T’
is interpreted as the measure of the degree of entanglement of these qubits with the
rest of the system [12]. Note that we are dealing only with pure states and so the
von Neumann entropy is a good measure of entanglement. In the case of mixed
states, this would not be true and therefore our analysis can be applied only to ideal
situations. However, we are dealing with the abstract form of quantum algorithms,
without facing the problem of their implementation.
It is well known [16] that for every subset T'

EF(1y) = BN (1)) (21)

Using these quantities, the intelligence S1(|¢)) of a state [1) with respect to the
qubits in T and to the basis B= {|i}) ® ---®|7,) } is

So(ut) =1 - 2B () (22)
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From equation (21), by observing that for every vector |¢) and every subset T' then
EJM(J4)) <|T, it is easy to show that

0<Sr(ly) <1 (23)

The intelligence of a state with respect to T and B is minimal (i.e. 0) when
E5N(|)) = 0 and EF#(|1)) = [T, it is maximal (i.e.1) when E5N () = E5#(|4)).

4. Information analysis of the Shor quantum gate

How does the intelligence of |¢) change while the Shor algorithm runs? We
concentrate our attention on the set of the first # qubits, namely T'= {1,... ,n}.
We consider only the case where 2" is a multiple of 7.

The input vector defined in equation (8) is such that

EF(Jinput)) = EXN(Jinput)) = 0 (24)
The intelligence of the state is:
S(|input)) =1 (25)
Remark 1. Equation (24) is easily proved by observing that
linput) (input|; = 10)(0],, (26)

(10){0],, is the nth tensor power of [0)(0]). Since log, 1 = 0, log, |0)(0], corresponds
to the null squared matrix of order 2”. Then we conclude from equations (19) and
(20) that the values of EJ"(|input)) and E(|input)) are both 0. In other words, the
input state belongs to the measurement basis B, therefore both its Shannon and
von Neumann entropy with respect to T are zero.

When QFT, ® I, is applied (Step 1), the first » qubits undergo a unitary
change of basis. This means their von Neumann entropy is left unchanged [16].
On the contrary, the Shannon entropy increases. From equation (19) we directly
get the Shannon entropy value from the main diagonal values. This means that
after Step 1 it is given by

Ef(ly) =n, ER(v1))=0 (27)
The intelligence of the state with respect to the first # qubits is at this point
Sr(lyr)) =0 (28)

The application of Uf (Step 2) entangles the first # qubits with the last #. In
fact, being f periodical with period » and being & = 2""/r an integer number, the
state |1py) can be written

—_

y—

) = S (ll) + 1+ )+ -+ [0+ @ — D) o @) (29)

1

Il
=}

From equation (29), the densitity matrix [i2){i2|, is written as a k& x & block
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matrix

e A (30)
16) 16) - 10)

where I(r) denotes the identity matrix of order 7.
The matrix [12) (12|, can be decomposed into the tensor product of 1+ log, &
smaller density matrices:

1 11 1
|¢2><¢2|TW(1 1)1 k®7I(r) (31)

The von Neuman Entropy of a tensor product can be written as the summation
of the von Neumann entropies of its factors. Therefore:

1

B (1n)) = ~(log: K 3 410m(34) ) ~ (3100 10sa (310)) ) (32)

r
11
A=
11

Since A/2 is similar to |1){1] through a unitary change of basis, then equation (32)
is written as

EN(jy)) = —(log, k) tr (]1)(1] log, [1)(1]) — tr (%I log, (1Ir)) =log,r (33)

with

r
We obtained the first equality in equation (33) by noting that
tr(]1)(1|log, [1)(1]) = 0. From the structure of the matrix in equation (30) we

easily observe that the Shannon entropy did not change. Then, we conclude that
for the set T of the first # qubits

EF(I)) =n, EN(lyn)) = logyr (34)
This means that
Sr()) = 287 (35)

Finally, when QFT, ® I, is applied (Step 3), the last n qubits are left un-
changed, whereas the first n qubits undergo a unitary change of basis through the
quantum Fourier transform. This implies that the von Neumann entropy of the
first n qubits is left unchanged. On the contrary, the Shannon entropy is reduced.
Indeed, from equation (12), the output superposition of the first n qubits is
periodic with period k = 2"/r and only r different basis vectors can be measured,
every one with probability 1/r. This means

ES"(Joutput)) =log, v, EZ(Joutput)) = log, r (36)
The intelligence of the output state with respect to T' is
St(Joutput)) =1 (37)
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Table 4. Shor quantum gate information flow with f = fi.

Step EF (1)) ErN(lv)) Sr(lv))
Input 0 0 1
Step 1 3 0 0
Step 2 3 1 1/3
Step 3 1 1 1

Table 5. Shor quantum gate information flow with f = f,.

Step EF" (1)) ErN(lv)) Sr(lv))
Input 0 0 1
Step 1 3 0 0
Step 2 3 2 2/3
Step 3 2 2 1

From equation (37) it follows that the quantum Fourier transform preserves the
von Neumann entropy and reduces the Shannon entropy of the first # qubits as
much as possible.

The information analysis of two computations of the Shor algorithm is
reported in Example 2.

Example 2. The two operators represented in table 1 produce the information
flow reported in table 4 and table 5. It is worth observing how the intelligence of
the state increases and decreases while the algorithm evolves.

5.

Interpretation of the analysis results
From the above analysis we draw the following conclusions:

1.

When the quantum algorithm computation begins the Shannon entropy
coincides with the von Neumann entropy, but they are both zero. The
intelligence 1s then maximal since we are dealing with a basis state.

. The superposition operator increases the Shannon entropy of the first n

qubits to its maximum, but leaves the von Neumann entropy unchanged.
The intelligence is minimal since the degree of disorder is at its maximum
but no information has been stored into the system yet.

. The entanglement operator increases the von Neumann entropy of the first

n qubits according to f, but leaves the Shannon entropy unchanged. The
intelligence increases at this step since some information is stored into
quantum correlation.

. The interference operator does not change the value of the von Neumann

entropy introduced by the entanglement operator, but decreases the value of
the Shannon entropy to its minimum, that is to the value of the von
Neumann entropy itself. The intelligence of the state reaches its maximum
again, but now with a non-zero quantity of information in quantum
correlation.
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The von Neumann entropy can be interpreted as the degree of informativity of
a vector, namely as a measure of the information stored in quantum correlation
about the function f. The Shannon entropy must be interpreted as the measure of
the degree of inaccessibility to this information through the measurement [12—14].
In this context, the quantum gate G of equation (6) transfers information from f
into the output vector minimizing the quantity of unnecessary noise producible by
the measurement, or, more technically, minimizing the non-negative, according to
equation (21), quantity EY(joutput)) — E¥N(loutput)) with T = {1,... ,n}. The
intelligence of an output state increases while the average unnecessary noise
decreases. According to this definition, the action of the quantum Fourier trans-
form in the Shor algorithm is to associate to every possible function f a maximally
intelligent output state, namely a state |output) such that Sy (Joutput)) = 1. This is
clear from the graphical representation of the information flow and the intelligence
relative to the two functions considered in example 1 (figure 1).

Remark 2. If the period r does not divide 2" exactly, then the quantum Fourier
transform is not optimal. In fact the final superposition for the first # qubits isnot a
periodical superposition. Nevertheless, by increasing the number 7 of quibits used
for encoding input strings, it is possible to approximate this periodical super-
position as well as desired.

A A
Sh Sh
3 — E 3 — E
2 — 2 — [ TERPEETRRIPS
EVN
:
1 — ET_Y[V' ®--onnnneeees 1 — ;
0 T | | » 0 T | | »
Input Step1 Step2 Step3 Input Step1 Step2 Step3
A A
T T
1 — 1 —
2/3 — 2/3 —
1/3 — 1/3 —
’ I N I I B
Input Step1 Step2 Step3 Input Step1 Step2 Step3
f=f, f=f,

Figure 1.  Information flow and intelligence of the Shor algorithm.
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Remark 3. The way the function f is encoded into the operator Uy and the set T’
used for the calculation of the intelligence %T(|output)) are problem dependent.
Consider, for instance, the Deutsch—Jozsa decision problem [17]: one must decide
if a Boolean function f: {0,1}" — {0,1} is constant or balanced. We can use the
same encoding scheme of the Shor algorithm to solve this problem. In this case we
will observe that, after the entanglement operator has acted, the von Neumann
entropy of every proper subset of the first # qubits is always O, whereas the von
Neumann entropy of the first # qubits is 1 for some balanced functions. This
means that for these functions no interference operator in the form Int ® I,, can
increase the intelligence of the state with respect to the first # qubits, as it happens
in the Shor algorithm. In other words, the state of the system after the entangle-
ment has been applied, is already maximally intelligent with respect to the first n
qubits and the information accessibility cannot be increased through the applica-
tion of any interference operator. One solution to this problem is to encode f into
the unitary operator Up - (In ® (H . C)) where Up 1s obtained as in the Shor
algorithm and H is defined as follows:

1 /1 1
HW(1 1) G8)

With this encoding scheme, the von Neumann entropy of the first # qubits after
Step 2 is always 0. On the contrary, the von Neumann entropy of any subset of the
first 7 qubits can be positive, implying entanglement between this subset and the
rest of the system. In particular, every singleton constituted by one qubit may be
characterized by a positive value of the von Neumann entropy. The Deutsch—Jozsa
algorithm interference operator is chosen in order to reduce as much as possible
the gap between the Shannon and the von Neumann entropies of every one of
these singletons. This operator is the Walsh-Hadamard transform of order #,
defined as the tensor power H,. Indeed, it is easy to verify that for every state |i))
and every qubit ¢, the matrix H1 - |1/;)<1/;|{i} - H 1s diagonal. This means the action
of H, is to maximize the intelligence of every one of the first n qubits by
annihilating the gap between its Shannon and von Neumann entropies.

6. Conclusions and future developments

The analysis carried out looks interesting both from a methodological and an
application point of view. Methodologically, the principle of maximal intelligence
on output states can be assumed as a leading rule for synthesizing quantum gates.
In general, the joint action of the superposition operator and of the entanglement
operator 1s supposed to introduce the information necessary to solve the problem
in the system quantum correlation. The interference operator must reduce the
randomness of the output state, involved with the superposition operator, as much
as possible. This means the interference operator is chosen in such a way that it
preserves the von Neumann entropy, but makes the Shannon entropy collapse
onto its lower bound, maximizing the intelligence of the output state.

From the application standpoint, the existence of a measure for the intelligence
degree of a state suggests the possibility of combining quantum algorithm tech-
niques for encoding functions with some other computational methods [15], such
as genetic algorithms. In this context, the intelligence of a state becomes a sort of
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fitness function to measure the goodness of results. The leading idea is to look at
quantum computing as a special way of processing information and to use its main
features in the classical problem solving domain.

On the analysis level of quantum algorithms, the same information analysis
carried on in this paper for the Shor algorithm should be done for other quantum
algorithm benchmarks in order to have a global picture of the best-known
quantum information processing techniques.
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