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[peacrapasiercs obumit NOAXOL K MOACIAHPOBAHHIO KBAHTOBBIX BbIYHC/IE-
Huil HA KiaaccudeckoMm komusiorepe. [Ipemsaraercs OblcTpbiil ajaropuT™
JUISE CUMYJISILIME KBAHTOBOrO ajropurma ['posepa Ha 60/b11I0H HEOTCOPTH-
posanHoii 6ase panHbix. leMoHCTpMpyeTcs cpaBHEHHE CO CTAHIAPTHBIM
c110co00M CHMYJIAILIMH KBAHTOBBIX BblyucieHni. OuucbiBactcs 1M3aiiH am-
[AapATHOrO ODeCleYeH st 15 PEAIM3alMY OCHOBHBIX KBAHTOBbIX OlIEPATO-
pos. B kauectse Tecta acppexTHBHOCTH AH3AMHA IPEIJIAIACTCS AJIrOPHTM
Iposepa. [emoncrpupyercss BOIMOXKHOCTE 3(DEKTUBHOIO MOIEINPOBaA-
HUS KBAHTOBBIX BbIYHCJICHMIA.

The general approach for quantum algorithm (QA) simulation on classical
computer is introduced. Efficient fast algorithm and corresponding SW for
simulation of Grover’s quantum search algorithm (QSA) in large unsorted
database and fuzzy simulation is presented. Comparison with common
QA simulation approach is demonstrated. Hardware (HW) design method
of main quantum operators that are used in simulation of QA and fuzzy
operators is described. Grover’s QSA as Benchmark of HW design method
application is presented. This approach demonstrates the possibility of
classical efficient simulation of quantum algorithm gates (QAG) and in
general fuzzy simulation approaches.

Kuawudesble cjloBa: KBaHTOBbil aaroputy, addekrussoe Mo,ueuupoaa-
HHe, BbICTPBLA AIrOPUTM, AIIIAPATHAS DEAJIH3ALMS.

Keywords: quantum algorithm gate, efficient simulation, fast algorithm,
hardware implementation.

1. Introduction

Quantum algorithms (QA) demonstrate great efliciency in many practical tasks
such as factorization of large integer numbers, where classical algorithms are failing
or dramatically ineffective [1]. Practical application is still away due to lack of the
physical HW implementation of quantum computers. We describe design method
of main quantum operators and hardware implementation of QAG for fast search in
large database and related topics concerning the control of a process, including search-
of-minima intelligent operations. This method is very useful for minimum efforts of
searching among a set of values and in particular is the first step for the realization
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of a HW control systems exploiting artificial intelligence in order to fuzzy control in
a robust way a non-linear process or in order to efficient search in a database. The
presented HW performs all the functional steps of a Grover QSA (This algorithm and
its modifications are described in [2] and briefly in Appendix). By suitable changes of
traditional matricial approach, a modular n-qubit-hybrid structure is realized in order
to prove the usefulness of iterations of the gate, which provide a higher probability of
exact solution finding. A minimum-entropy based method is adopted as a termination
condition criterion and realized in a digital part together with display output.

The possibility of providing an external clock signal for iteration management
allows to implement a very fast Grover’s QSA, many times (for comparison in details
see Table 2 below) faster than the corresponding software (SW) realization [3], and
less sensitive to qubits improvement. The difference between classical and QAs is
following: problem solved by QA is coded in the structure of the quantum operators.
Input to QA in this case is always the same. Output of QA says which problem was
coded. In some sense you give a function to QA to analyze and QA returus its property
as an answer.

Formally, the problems solved by QAs could be stated as follows:

Input A function f: {0,1}* — {0,1} ™
Problem | Find a certain property of f

QA studies qualitative properties of the functions.

The core of any QA is a set of unitary quantum operators or quantum gates. In
practical representation quantum gate is a unitary matrix with particular structure.
The size of this matrix grows exponentially with the number of inputs, making it
impossible to simulate QA’s with more than 30-35 inputs |3] on classical computer
with von Neumann architecture. In this report we present a practical approach to
simulate most of known QA’s on classical computers. We present the results of the
classical efficient simulation of the Grover’s QSA as a Benchmark of this approach and
background for quantum soft computing and fuzzy control based on quantum genetic
(evolutionary) algorithms and quantum neural network. The role of this approach in
quantum soft computing and in fuzzy simulation is discussed in [4 - 9].

2. Structure of QA gate system design

The background of QA simulation is a generalized representation of QA as a set
of sequentially applied smaller quantum gates as it is presented on the Figure la.
From the structural point of view each QA requires a particular set of quantum
gates, but generally each particular set can be divided into three main subsets with
same function for all QA’s: Superposition operators, Entanglement operators and
Interference operators. This division permits to generalize the approach of QA simu-
lation and to create a classical tool to simulate any type of known QA. Furthermore,
local optimization of QA components according to specific hardware realization makes
it possible to develop appropriate hardware accelerator of QA simulation using clas-
sical gates [4, 5].
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2.1. Generalized approach i QA sunulation

In gencral. any QA can be represented as a civeuit of smaller quantum gates as it
is demonstrated on the Figure 1 |4]. The circuit presented in the Figure 1 is divided
into five general steps:

Step 1: Input. Quantum state vector is set up to an initial value for this concrete
algorithm.

For example, input for Grover's QSA is a quautum state|og)described as a super-
position of the quantum states as
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Figure 1h: Quantum circuit of Grover’s QSA
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Such a quantum state can be presented as it is shown on the Figure 2a. The
coefficients a; are called probability amplitudes |2, 4]. Probability amplitudes may take
negative or even complex values. The only constrain on the values of the probability
amplitudes is
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Figure 2: Dynamics of Grover’s QSA probability amplitudes of state vector on each
algorithm step

Y ai=1 (2)

Step 2: Superposition. The state of the quantum state vector is transformed in the
way that probabilities are distributed uniformly among all basis states. The result of
the superposition step of Grover’s QSA is presented on the Figure 2b in probability
amplitude representation and in the Figure 3b in probability representation.

Step 3: Entanglement. Probability amplitudes of the basis vector corresponding to
the current problem are flipped while rest basis vectors left unchanged. Entanglement
is done via controlled-NOT-operation. Result of entanglement operation application
to the state vector after superposition operation is shown on the Figure 2c and in
the Figure 3c. Note that, an entanglement operation does not affect the probability of
state vector to be measured. Actually entanglement prepares a state, which cannot be
represented as a tensor product of simpler state vectors. For example, consider state
¢1presented on the Figure 2b and state ¢, presented on the Figure 2c:

¢ = 0.35355(/000) — |001) + [010) — |011) + |100) — |101) + [110) — [111))
= 0.35355 (|00) + [01) + [10) + [11)) (|0) — [1))
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¢s = 0.35355(|000) — |001) — [010) + [011) + [100) — [101) + [110) — |111))
=0.35355 (|00) — [01) + |10) + [11)) 0) -0.35355 (|00) + (01) + |10) + |11)) |1)

As it was shown above. described state ©; can be presented as tensor product of
simpler states, while state @» cannot.

Step 4: Interference. Probability amplitudes are inverted about the average value.
As a result the probahility amplitude of states “marked” by entanglement operation
will increase. Result of interference operator application is presented on the Figure
2d in a probability amplitude representation and in the Figure 3d in a probability
representation.

Step 5: Output On this step performed measurement operation (extraction of
the state with maximum probability), and following interpretation of the result. For
example, in case of Grover's QSA required index is coded in first n bits of the measured
basis vector.,

Steps of QA’s realized by unitary quantum operators. Simulation of quantum
operators is a key point in general QA simulation. In order to accelerate QA's basic
quantum operators must be studied.
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Figure 3: Dynamics of Grover’s QSA probabilities of state vector on each algorithm
step

2.2. Main QA operators

We consider superposition, entanglement and interference operators from simula-
tion viewpoint. In this case superposition and interference have more complicated
structure and differ [rom algorithm to algorithm. And then we consider entanglement
operators, since they have similar structure for all QA’s, and differ only by [unction
being analyzed.
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2.2.1. Superposition operators ¢f QA's
In general, the superposition operaior cousists of the combination of the tensor
products Hadamard Hoperators with identity operator]:

1 [1 1 10
a IHE T

The supes osition operator of most QA’s can be expressed as (see, Figure 1aj

Sp = (52 H) .\)(5 S‘) (3)
j=1 i=1

where n and m arc tt yumbers of inputs and of outputs respectively. Operator. 5
may be or Hadamard ol.eator H or identity operator I depending on the algorithm.
Numbers of outputs mas -] as structures of corresponding superposition and interfe-
rence operators are present{ in the Table 1 for different QA’s.

Table 1: Parameters of supengsition and interference operators of main quantum
algorithms

Algorithm Supenosition | M | Interference

Deutsch’s Her 1 HROH
Deutsch-
Jozsa's H®K : "H®I
Grover's "HQH 1 D ®I
Simon’s "H ®"I n JIH® nI
SITO"'S "H®"IA n QFT;'®"]

Note that superposition and interference operators are often contain tensor power
of Hadamard operator which is called Walsh-Hadamard operator. It is known [2.4]
that elements of the Walsh-Hadamard operator could be obtained as:

e f
-1) 1 1, if i+ 7 is even
ng - ( __ 1 ) 7
[ }1-1 on/2 an/2 { -1, if i = j is odd )

where 1 =0.1,...,2",7 =0,1,...,2".
This approach improves gieatly performance of classical simulation of the Walsh~-

Hadamard operators, since its elewsents could be obtained by the simple replication
according to the rule presented in Eq. (4).

Ezample 1: Consider superposition operaver of Deutsch’s algorithm, n = 1. m =
1, S=I

Deutsch _ (1) 1 (=1)90 (=1)01] VT
{Sp]i,j = 9172 @l = %( (_1)1-01 [_l)lvl[ ) = ﬁ[ I = ] (5)
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Ezample 2: Consider superposition operator of Deutsch-Jozsa’s and of Grover's algo-

rithm, for thecasen =2, m=1, §=H:

(_I)UOOH (_1)0-1H (_I)B-ZH (_1)D-3H
D.-J's, Grover's _ (—1)'] 1 (”I)I.OH (_1}1.1H (_1)1'2H (_1)1.3H
[Sp}i.j - L_25)n_ ®H = 2 (_1)200H (_1)2-1H (_1)2-2H (_1)2-3H
(—1)3'0.'1 (_1)3-111- (_1)3¢2H (71)3-3’(1

H H H H

.| H -H H -H

"2\ H H H H

H -H H -H

(6)

Ezample 3: Superposition operator of Simon’s and of Shor’s algorithms, n =

2m=258=1I

-0¥0dn  -0%ian  0%2¢n 093N

Simon, Shor _ it o (=11*02yy  (—1)¥*1@3yy  (—n)1*3@p) (-1i=33

18Pl - eli= (-03021 (1225 (-1223n (-3
(_”3-0(3” !_UJCE(‘A‘” ('1)3.2(2’) (- “3-3(2” @

3y 2 2 2
_ [31 2y 2, 2 }
Iy 2 3 Uy
2, _2; 2; _3g
2.2.2. Interference operators of main QA’s
Interference operators must be selected for each algorithm individually according
to the parameters presented in the Table 1. Consider some particular parts of interfe-
rence operators. Interference operator consists of interference part, which is different
for all algorithms, and from measurement part, which is the same for most of algo-
rithms and consists of m tensor power of identity operator. Consider interference
operator of each algorithm.
Erample 1: Interference operator of Deutsch’ algorithm. Interference operator of
Deutsch’s algorithm consists of tensor product of two Hadamard transformations, and
can be calculated using Eq. (4) withn = 2:

[[’ﬂt Deutsch) 2 — ( l) i . 1

14455 5

T2 T2 1 #)

[ —y
.
—

T g Wy

Note that in Deutsch’s algorithm, Walsh-Hadamard transformation in interference
operator is used also for the measurement. basis.

Ezample 2: Interference operator of Deutsch-Jozsa's algorithm. Interference opera-
tor of Deutsch-Jozsa’s algorithm consists of tensor product of n power of Walsh-
Hadamard operator with an identity operator. In general form the block matrix of
the interference operator of Deutsch-Jozsa's algorithm can be written as:

_n@

Int Deut.cch—Jozsa's} L I (9)
14 ,j 22 2
where i = 0,...,2" —1,j=0,...,2" — 1.
Ezample 3: Interference operator of Deutsch-Jozsa’s algorithm,n = 3,ky = 2,k =
I;
o I 1 1 I
Deutsch—Jozsa's e _ _}; I -1 1 -1
[In: ]';-,j ==®l=3 1 T 11 (10)
I =I I -I
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Ezxzample 4: Interference operator of Grover’s algorithm. Interference operator of
Grover’s algorithm can be written as a block matrix of the following form:

[Int('r'rot.'er] ,'J':Uﬂ@l:( —"])@]:

onj2

1 1 | ~1i=j
(“”27/2:)@",-:3-'(m)m‘#;im{ Li#i ° (1

wherei =10,...,2" — 1,7 =0,....2" — 1, D,, refers to diffusion operator:

(_I)IAND(izj)

(D] o 9n/2

Erxample 5: Interference operator of Grover's QSA, n =2,m = 1:

[[ntc"‘"’“’"]‘j=D281=(~—21-’,-E~21)®I=(—1+1)®I .(-1-)@1
- 2 2 i W2 -
(-1+3)1 31 %1 %1 -1 I I I
_ %1 (-1+3)1 3d ?I RS A A B |
- o %1 (-1+3)1 31 N A A B |
51 31 31 (-1+35)1 I 1 1 -1
(12)

Note that with bigger number of qubits, gain coefficient will become smaller.
Dimension of the matrix increases according to 2", but each element can be extracted
using Eq. (11), without allocation of entire operator matrix.

Remark. SinceD, D}, = I, D, is unitary and is therefore a possible quantum
state transformation. While the matrix D), is clearly unitary it can to have the
decomposition formD, = —H, R} H,, whereR} [i,5] = 0, ifi # j, RI[1,1] = -1
andR} [i,i] = +1,if 1 <i < N.

In concrete form the operator D, (diffuston — inversion about average) in Grover
algorithm is decomposed as

10 0 0\*
B e o 1 1 \® 0 1 0 0 1 1 \o»
BT e 1 -1 0O 0 .0 1 -1

0 0 0 1

and can be accomplished with O(n) = O(log(N))quantum gates |2,4]. It means that
from the viewpoint of efficient computation the form as in Eq. (11) is more preferable.

Ezxample 6: Interference operator of Simen’s algorithm. Interference operator of
Simon's algorithm is prepared in the same manner as superposition as well as superpo-
sition operators of Shor’s algorithms and can be described as following Eq. (3) and

Eq. (7)

(_l)i“j » M
on/2 ® "l =

[ Simon] < g™ 1 =
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(_I)G-O'mi o (_I}D-j_mI (al)oo(‘l"--l)_mI
e I e S o L e O i i S ¢
(__l)('.’“_.l}-o_ml : (_I)@“_.l)-j.ml ‘:‘ (_1)l2"—1);{2"—1)_m1

Remark. In general, interference operator of Simon’s algorithm coincides with
interference operator of Deutsch-Jozsa's algorithm Eq. (9), but each block of the
operator matrix Eq. (13) consists of m tensor products of identity operator.

Remark. Each odd block (when product of the indexes is an odd number) of
the Simon’s interference operator Eq. (13), has a negative sign. Actually if ¢ =
0,2,4,...2" =2 or j = 0,2,4,...2" — 2 the block sign is positive, else block sign
is negative. This rule is applicable also for Eq. (9) of Deutsch-Jozsa’s algorithm
interference operator. Then it is convenient to check if one of the indexes is an even
number instead of calculating their product. Then Eq. (13) can be reduced as:

simon]  _npgemy_ D 1 [ ™Iifiisodd orif j is odd
[t ]i'j il s 2n/2 ®"I = on/2 | —™] if { is even and j is even
(14)

Ezample 7: Interference operator of Shor’s algorithm. Interference operator of Shor’s
algorithm uses Quantum Fourier Transformation (QFT) operator, calculated as:
i . sende
(QFT.);,; = 5ame T % (15)

where: J - imaginary unit, i =0,...,2" — 1 and, j =0,...,2" — 1. With n = 1 we can
observe the following relation:

1 [ ed=(0=0)2m/2' Ja(0s1)2m/2" 1 11
QFTkxik,: 1= '2_%" ( eJu(lvU]Zw/21 e Jx(1=1)2m/21 = ﬁ ( 1 -1 ) =H
Eq. (16) can be also presented in harmonic form using Euler formula:

[QFT,]; ;= E'El,—/i" (cos ((z‘ *j)—;kll) + Jsin ((z’ *j);%))
2.2.3. Entanglement operators of main QA’s
In general entanglement operators are part of QA where the information about the
function being analyzed is coded as input-output relation. Let's discuss the general
approach for coding binary functions into corresponding entanglement gates. Consider
arbitrary binary function: f : {0,1}" — {0,1}™, such that f(zo,...,Zn-1) = (Yo, .-,
Ym-1). In order to create unitary quantum operator, which performs the same trans-

formation, first we transfer irreversible function f into reversible function #, as follo-
wing: F : {0,1}™"" — {0,1}™"", such that

F(zo,.sTn-1,Y0: - Ym-1) = (T 0, sy Bn=1; J{T 0wy Tr=1) D (I}o. w3 Ym=1))

where & denotes addition modulo 2. Having reversible function F' we can design an
entanglement operator matrix using the following rule:

[Vrl;s, ;5 =118FG?)=i? ije ]0,.,0;1.,1;| B denotes binary coding
n+m n+m



66 ULYANOV LS., PORTO M., ULYANOV S.V.

Actually resulted entanglement operator is a block diagonal matrix, of the form:

My 0
Up = .
U A12n_1

Each block M;,7 =0, ...,2" — 1 consists of m tensor products of I or of ' operators,
and can be obtained as following:

M; =

=] { 1,iff F(i,k) =0 (17)

k=0 | C.iff F(i,k)=1 "
01
1 0
ment operator is a sparse matrix. Using sparse matrix operations it is possible to
accelerate the simulation of entanglement operation.

Ezamplel. Entanglement operator for binary function: f : {0.1}* — {0,1}" such
that:f(x) = 1| ,_¢; 0| , .0, Reversible function F in this case will be: F : {0, 1}»3 —

{0, 1}3, such that:

where (' stays for NOT operator. defined as:C’ = ( ) It is clear that entangle-

(x,y) (= f(x) 2 y)
00,0 00,080=0
00,1 00,0&1=1
01,0 0L1&0=1
01,1 01,1&1=0
10,0 10,020=0
10,1 10,1&0=1
1,0 1,080=0
1,1 1L1e0=1

And corresponding entanglement block matrix can be written as:

(00| (01] (10] (11|

100) I 0 00
Up= [01) 0o [c] oo
10) 0 0 I 0
11) 0 0 0 I

Figure 2¢ demonstrates the result of the application of this operator in Grover’s QSA.
Entanglement operators of Deutsch and of Deutsch-Jozsa’s algorithms have the same
form.

Ezample 2. Entanglement operator for binary function: f : {0,1}* — {0,1}?, such
that f(z) = 10| ,_g; 11 00| ,40y,1, and

(of (o1 (1o (11

|00) Igl 0 0 0
Up=|01) 0 0 0

110) 0 0 Il 0

1) 0 0 0

Entanglement operators of Shor’s and of Simon’s algorithms have the same form.






